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Abstract

This paper studies distributed knowledge among agents who may hold con-
tradictory beliefs. Distributed knowledge is formalized as knowledge logically de-
duced from pooling agents’ collective information, where an agent’s information
consists of events such that she believes any of their logical implications. Conse-
quently, distributed knowledge is true, monotonic, and positively introspective,
even if agents’ beliefs are not. However, distributed knowledge can fail negative
introspection even if agents’ beliefs satisfy it. Agents may not have distributed
knowledge of the lack of distributed knowledge. Thus, agents can be collectively
unaware of events. If agents’ beliefs are true, monotonic, positively introspective,
and conjunctive, then distributed knowledge coincides with knowledge possessed
by the least knowledgeable “wise man” who knows everything each agent knows.
As a game-theoretic application, this paper shows that the informational content
of a rational-expectations Nash equilibrium is the distributed knowledge formed
from the informational content associated with agents’ strategies.
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The peculiar character of the problem of a rational economic order is determined
precisely by the fact that the knowledge of the circumstances of which we must make
use never exists in concentrated or integrated form but solely as the dispersed bits of
incomplete and frequently contradictory knowledge which all the separate individuals
possess. The economic problem of society is thus not merely a problem of how to
allocate “given” resources—if “given” is taken to mean given to a single mind which
deliberately solves the problem set by these “data.” It is rather a problem of how to
secure the best use of resources known to any of the members of society, for ends
whose relative importance only these individuals know. Or, to put it briefly, it is a
problem of the utilization of knowledge which is not given to anyone in its totality.

—Hayek (1945))

1 Introduction

Consider a group of agents reasoning about an underlying state of the world, say, the
weight of an ox at a country fair as in the classic weight-judging experiment studied by
Galton (1907a,bl 1908). Each agent holds qualitative beliefs about possible states—such
as plausible weights or features of the ox—which may be inaccurate or even mutually
contradictory. Galton (1907a,bl, [1908)) famously observed that the average of such
estimates closely approximates the true weight. This paper focuses instead on the
qualitative aspects of group knowledge: both about the state of the world (e.g., the ox’s
weight) and about the group’s own knowledge. If agents share relevant information,
what can the group collectively “know” about the world and about its own group
knowledge? To address this, the paper studies group knowledge not merely as the
aggregation of individual beliefs, but as a function of (i) what information agents pool
and (ii) how they collectively reason from that shared information.

One cannot overstate the importance of group knowledge—knowledge dispersed
among agents, often in inconsistent or incomplete forms. As Hayek (1945) emphasizes,
a fundamental feature of economic and social activity is that knowledge is decentralized
and individually held. A long-standing focus in economics has been on how such dis-
persed private information can be aggregated through public signals such as prices—see,
for example, the pioneering work on rational-expectations equilibria by Radner (1979)).
In other contexts such as voting, the aggregation of dispersed information is likewise
critical for collective decision-making]]

More broadly, the aggregation of group knowledge—often dispersed across agents in
inconsistent or contradictory forms—is a central topic in fields such as computer science
and artificial intelligence, logic, and philosophy (e.g., Fagin et al., 2003; Meyer and van
der Hoek, [1995). For instance, computer-based systems such as databases often contain

1See, for instance, Austen-Smith and Banks (1996), Duggan and Martinelli (2001), Feddersen and
Pesendorfer (1997, and Piccione and Rubinstein (2024]). This paper does not address incentives to
misreport or the costs of communication. However, the formal analysis of distributed knowledge and
its relation to individual beliefs is independent of such incentive considerations.



contradictory pieces of information, raising the natural question of how to aggregate
such inconsistent sources into a single, contradiction-free system (e.g., Konieczny and
Pino Pérez, 2002) P

Specifically, this paper studies a notion of group knowledge termed distributed knowl-
edge, which is first studied, independently, by Halpern and Moses (1990)) and Hilpinen
(1977) in computer science, logic, and philosophyE] In the original context, a group of
agents have distributed knowledge of a statement p if someone informed of everything
that each agent knows would know p. For example, suppose that two agents, Ann and
Bob, respectively know statements ¢ and (¢ — p). Even if neither of them knows p,
combining their knowledge together, Ann and Bob have distributed knowledge of p.

While the previous studies assume that individual agents have fully logical, fully
introspective, and truthful knowledge (and thus so does group knowledge), this paper
formalizes distributed knowledge among agents whose beliefs may fail to be truthful,
consistent, or logically monotonic. The paper presents a formalization of distributed
knowledge that turns out to be, in a minimal sense, logically monotonic, positively
introspective, and truthful, independently of any particular assumptions on agents’
beliefs.

Truthfulness of distributed knowledge is not a property imposed on the group but
follows from what is taken to be an agent’s information. More specifically, in order for
an event F to be distributed knowledge among agents whose beliefs may be inconsistent
with each other, this paper defines distributed knowledge in a way such that (i) the
agents pool their information and that (ii) they make an inference to deduce E from
their collective information. I define agents’ collective information as those events such
that some agent believes any of their implications whenever they are true. This idea
follows the notion of self-evidence (e.g., Monderer and Samet, 1989) in modeling inter-
active knowledge in game theory. Thus, this paper studies distributed knowledge as
opposed to “distributed belief,” which would correspond to the aggregation of individual
beliefs. False beliefs cannot become distributed knowledge. This paper systematically
studies how the content of agents’ collective information affects qualitative aspects of
distributed knowledge and how distributed knowledge inherits properties of individ-
ual beliefs. This paper also presents some game-theoretic applications of distributed
knowledge.

Distributed knowledge formalized in this paper is truthful, monotonic, and posi-
tively introspective. That is, if some event is distributed knowledge then it is true so
that agents can only have truthful distributed knowledge. Distributed knowledge is
thus consistent (i.e., if an event E' is distributed knowledge, then the negation —FE is
not distributed knowledge). When agents’ beliefs are not true, their false beliefs do
not lead to distributed knowledge. Even if agents are not logical reasoners, any log-

2In fact, information aggregation in a collective-decision setting has also been studied in computer
science, logic, and philosophy: see, for example, Grossi and Pigozzi (2014).

3Two remarks are in order. First, Hilpinen (1977) calls it “impersonal knowledge.” Second, see
Halpern and Moses (1990, Footnote 1) and the references therein for their original terminology “implicit

knowledge.”



ical consequence of distributed knowledge turns out to be distributed knowledge. If
agents have distributed knowledge of E, then they have distributed knowledge of the
fact that F is distributed knowledge. These three properties embody the idea that a
group of agents possess meaningful (e.g., contradiction-free and logically-closed) group
knowledge.

In contrast, distributed knowledge is not necessarily negatively introspective for
instance when individual beliefs are not truthful. If agents do not possess distributed
knowledge of an event F, then it is not necessarily the case that they have distributed
knowledge of the fact that £ is not distributed knowledge. After aggregating collective
information and making inferences about the world, agents may be collectively unaware
of Eff] The result sheds new light on a limitation of group knowledge in that after
pooling their information, agents may still not be able to resolve their own unawareness.
Indeed, if agents’ beliefs are truthful and logical in a certain sense as in the previous
studies, then distributed knowledge inherits negative introspection.

If agents are positively introspective and logical reasoners as in the previous studies,
distributed knowledge turns out to be knowledge of the least knowledgeable hypotheti-
cal individual (“wise man”) who knows everything that each agent knows (e.g., Halpern
and Moses, 1990)). The formalization of distributed knowledge in this paper also accom-
modates Hilpinen (1977) if agents’ knowledge is monotonic and positively introspective.

Returning to the economic relevance of group knowledge introduced earlier, this pa-
per characterizes the informational content of a rational-expectations Nash equilibrium
through the lens of distributed knowledge (Theorem . This application also provides
a reason for studying distributed knowledge rather than distributed belief. A rational-
expectations equilibrium is a fixed point of inference from behavior: each agent refines
her information by what the other agents’ strategies reveal, and such inference is sound
only if it proceeds from true premises. Accordingly, the information each agent holds
about the others’ strategies corresponds to the distributed knowledge formed from the
informational content of those strategies. In fact, if the informational content of a
rational-expectations Nash equilibrium is formed as distributed belief instead, agents
may make inferences from one another’s actions that may be false, and the epistemic
characterization of such equilibrium may fail.

Theorem generalizes Minelli and Polemarchakis (2003, Proposition 1 and Corollary
2) to settings in which agents may hold beliefs rather than knowledge at the individual
level. As discussed, knowledge must satisfy the truth axiom, whereas belief may be
false. In interactive contexts, modeling agents as holding knowledge can raise conceptual
issues: for instance, if Ann knows that Bob is rational, this implies that Bob truly is
rational. For this reason, much of the game-theoretic literature tends to adopt belief
rather than knowledge at the individual level as a modeling assumption. This paper
contributes by bringing the concept of distributed knowledge—originally developed in
computer science, logic, and philosophy as group knowledge—into economic and game-

4An agent is unaware of an event F if she does not know it and she does not know that she does
not know it. Pioneering papers on unawareness include Fagin and Halpern (1987) and Modica and
Rustichini (1994, [1999)).



theoretic analysis.

The paper is structured as follows. The rest of this section discusses related liter-
ature. Section [2| presents an underlying framework. Section [3| formulates distributed
knowledge. Section {4 studies properties of distributed knowledge. Section |5| provides
game-theoretic applications. Section [6] provides concluding remarks. Proofs are rele-
gated to Appendix [A] The Online Appendix provides supplementary discussions.

Related Literature

This paper is related to two strands of literature: (i) modeling distributed knowledge in
various disciplines; and (ii) applications of distributed knowledge in game theory and
economics.

Modeling Distributed Knowledge. The formalization of distributed knowledge
originates with Halpern and Moses (1990)) and Hilpinen (1977), who assume that indi-
vidual knowledge is truthful, fully logical, and fully introspective. This paper dispenses
with those assumptions at the individual level. Pacuit (2017) and Van De Putte and
Klein (2018) likewise impose no logical or introspective properties on individual be-
liefs, but study distributed belief, which may be inconsistent, so that a group may hold
false group beliefs. While distributed belief is an interesting concept, this paper in-
stead formalizes distributed knowledge, which is truthful and hence consistent (recall
the contradiction-free database). The two notions coincide when agents’ beliefs are
truthful, monotonic, and positively introspective, and may differ otherwise.

Distributed knowledge has recently been brought into game theory and economics
by Crescenzi (2023) and Tébids (2021), and this paper is complementary to both.
Crescenzi (2023) shows how distributed knowledge arises as the outcome of an explicit
communication process and establishes a rich set of properties for the resulting notion.
This paper abstracts from any particular protocol, deriving distributed knowledge from
(i) each agent’s informational content and (ii) the pooling of that information, so that
protocols of the kind he studies are among those accommodated. A further difference is
that agents here may hold false beliefs rather than knowledge. Tébias (2021) develops
the lattice-theoretic duality between distributed and common knowledge in the parti-
tional model, and gives it a striking application to criminal procedure. The duality
he establishes reappears in the present framework: under suitable conditions, common
knowledge is the knowledge of the most informative hypothetical agent who is no more
informative than any member of the group, and distributed knowledge that of the least
informative hypothetical agent who is at least as informative as every member. Here
the application is instead to rational-expectations Nash equilibria.

Distributed knowledge has been studied extensively in computer science, logic, and
philosophy, largely through syntactic characterizations and completeness results relating
syntax to semantics: see Fagin, Halpern, and Vardi (1992)), Fagin et al. (2003), Halpern
and Moses ((1992), Herzig et al. (2020)), van der Hoek and Meyer (1992, (1997)), and Meyer



and van der Hoek (1995).E] Since this is the first study of distributed knowledge that
imposes no assumptions on individual beliefs, and since a semantic framework permits
direct game-theoretic application, I work semantically. The two approaches are known
to diverge in subtle ways (Agotnes and Wang, 2017; Gerbrandy, 1999; Roelofsen, 2007;
van der Hoek and Meyer, 1992; van der Hoek, van Linder, and Meyer, 1999): with
partitional knowledge, distributed knowledge is the coarsest common refinement of the
agents’ partitions, but that equality may not be modally definable (Samet, 2010; van
der Hoek and Meyer, [1992), and the “principle of full communication” may fail on
an arbitrary state space (van der Hoek, van Linder, and Meyer, 1999). Since the
purpose here is to study properties of distributed knowledge, I allow arbitrary unions
and intersections of events, so that distributed knowledge is always well-defined: it
reduces to the coarsest common refinement when beliefs are partitional, and the paper
also characterizes it when beliefs are given by possibility correspondences (Aumann,
1976, [1999; Geanakoplos, 2021; Morris, 1996) or Kripke frames (Chellas, 1980; Fagin
et al., 2003)).

Game-Theoretic Applications. Distributed knowledge concerns what agents may
come to know after communicating, explicitly or implicitly. Bacharach (1985), Cave
(1983), Geanakoplos and Polemarchakis (1982), and McKelvey and Page (1986]) study
how communication among differentially informed agents leads to agreement, and Tal-
lon, Vergnaud, and Zamir (2004)) allow agents to hold erroneous beliefs. As in the
literature on modeling distributed knowledge, this paper does not model an explicit
communication process but asks how the content of agents’ beliefs shapes group knowl-
edge. Following McKelvey and Page (1986) and Minelli and Polemarchakis (2003)), this
paper develops an epistemic characterization of rational-expectations Nash equilibria
and relates it to distributed knowledge, allowing agents to hold beliefs rather than
knowledge at the individual level [f

2 Framework

This section sets up the framework of the paper. Section[2.1{defines the basic framework
which I call a belief space. Section defines properties of individual agents’ beliefs.
Since the previous literature on distributed knowledge has employed the possibility-
correspondence models, Section provides some definitions on possibility correspon-
dences and shows that the framework of this paper nests possibility correspondences.
Building on this framework, the next section formalizes distributed knowledge.

5See, for instance, Aumann (1999) and Fukuda (2024) for applications of the syntax approach to
modeling agents’ knowledge and qualitative beliefs in game theory and economics.

SFor other contexts including games with incomplete information, general equilibrium, and mech-
anism design in which information revelation occurs in equilibrium, see, for instance, Angeletos and
Werning (2006]), Dasgupta (2007)), Forges and Minelli (1997, 1998]), Grafenhofer and Kuhle (2016)), and
Huang (2021) and the papers cited therein.



2.1 Belief Spaces

The framework of this paper builds on a set-theoretic representation of agents’ beliefs
by their belief operators. Throughout the paper, let I denote a non-empty set of agents.
A belief space (of I) is a tuple Q = ((, D), (B;)icr)-

First, 2 is a non-empty set of states of the world. The state space €2 is a sample
space on which agents’ beliefs are represented. Second, D is a subset of the power
set P(Q2) called the domain. The domain D consists of events about which the agents
reason. Each event E' € D is a subset of {2 which describes a certain aspect of the state
space. For ease of analysis, I assume that D is a complete algebra on Q: (i) D contains
the empty set () and the entire set Q; (ii) if F is an event, then its complement —F
(also denoted by E€) is also an event; (iii) and if £ is an arbitrary subset of D, then its
intersection and its union are events, i.e., (& := (g £ € Dand JE = Upe F € D.|Z|
Third, each agent i’s belief operator B; : D — D associates, with each event FE, the
event that (i.e., the set of states at which) agent i believes E.

The generality of the framework comes from the facts that the analysts can assign
logical and introspective properties of agents’ beliefs one by one through belief operators
and that logical and introspective properties can be expressed by properties of the
agents’ belief operators in a transparent way. Indeed, as far as a semantic representation
of agents’ beliefs is concerned, this approach is the most general (or minimal) in that
the only restriction is the closure of one’s beliefs under logical equivalence: if two events
E and F are set-theoretically equivalent (i.e., F = F') then the corresponding beliefs
are equivalent (i.e., B;(E) = B;(F))f]

2.2 Properties of Beliefs

I define properties of beliefs. While I do not impose each property as an assumption
a priori, I study how distributed knowledge inherits each property. Throughout this
subsection, fix agent ¢ € I. I start with the following four logical properties of belief
operators. First, B; satisfies Monotonicity if

B,(E) C B;(F) for any E, F € D with E C F.
Second, B; satisfies Necessitation if
B;(©2) = Q.
Third, B; satisfies (Non-empty) Conjunction if

m Bi(E) C B,(m €) for any £ € P(D) \ {0}.

Ee&

"Throughout the paper, I follow the convention that if £ = ) (i.e., £ is the empty collection of
subsets of Q) then € :=N and J& := 0.

8Previous contributions on distributed knowledge, such as Fagin et al. (2003) and Pacuit (2017),
use the framework called neighborhood systems. As shown formally in Online Appendix D.1, when
none of the properties on one’s beliefs are assumed, the framework of neighborhood systems is equally
general in the sense that the only restriction is the closure of one’s beliefs under logical equivalence.



Fourth, B; satisfies the Kripke property if, for each (w, E) € Q x D,
w € Bi(E) if and only if E 2 b, (w) == {F € D |w € Bi(F)}.

The mapping bp, : {2 = D is referred to as ¢’s possibility correspondence in economics
and game theory (e.g., Aumann, 1976, [1999; Geanakoplos, 2021} Morris, 1996). Agent
i considers w’ possible at w if W' € bp,(w). Assigning i’s possibility correspondence is
equivalent to assigning the accessibility relation in logic (e.g., Chellas, |1980; Fagin et
al.,|[2003). Agent i believes E at w if and only if (hereafter, often abbreviated as iff) £
includes the set of states considered possible at w. In the context of this paper, it can be
shown that the Kripke property is jointly characterized as Monotonicity, Necessitation,
and Conjunction.

Next, three introspective properties of belief operators are in order. First, B; satisfies
the axiom of Truth (Truth Aziom for short) if

B;(E) C E for any E € D.

Truth Axiom distinguishes between knowledge and belief: if agent i “knows” E at w
then F is true at w.
Second, B; satisfies Positive Introspection if

Bi(-) € BiB;(-).
Third, B; satisfies Negative Introspection if
(=Bi)(-) € Bi(=Bi)(:).

Note that Truth Axiom and Negative Introspection yield Positive Introspection and
Necessitation.

Finally, this paper also represents the informational content of one’s beliefs as a
collection of events in the sense that distributed knowledge is deduced from pooling
the collections of events that represent the agents’ beliefs. To that end, this subsection
introduces one important definition.

Call an event E (strongly) self-evident to agent i if, for any F' € D, E' C F implies
E C By(F), i.e., i believes any implication of E whenever E is true. Denote by Jp, the
collection of events self-evident to 4:

Jp, :=={E €D |forany F € D, if E C F then E C B;(F)}f] (1)

In economics and game theory, the notion of (a weaker form of) self-evidence is used to
define common knowledge (e.g., Monderer and Samet, |1989) if B; is assumed to satisfy
Monotonicity[")

9As a technical remark, Jp, is not empty because () € Jp,.

10The weaker form of self-evidence is defined as follows. An event E is self-evident to i if E C B;(E):
agent i believes E whenever F is true. When agent i’s belief operator satisfies Monotonicity, this
definition is equivalent to the one in the main text. Since this paper dispenses with Monotonicity, this
paper, following Fukuda (2020)), adopts the stronger form of self-evidence.



2.3 Possibility Correspondences

In the literature on modeling distributed knowledge, distributed knowledge has been
studied under the framework of possibility correspondences/accessibility relations. This
subsection shows that the framework of this paper nests it.

Call a mapping b : Q — D a possibility correspondence if it satisfies

By(E) :={w € Q| b(w) C E} € D for any F € D.

If B; satisfies the Kripke property, then bp, is a possibility correspondence because the
belief operator By, induced by bp, coincides with the original belief operator B; (i.e.,
B; = By, ).

Fix a possibility correspondence b : 0 — D. It is well-known that the introspec-
tive properties of the belief operator B, can be stated in terms of the corresponding
properties of the possibility correspondence b (e.g., Chellas, |1980)). First, b is reflex-
ive (i.e., w € b(w) for all w € Q) iff B, satisfies Truth Axiom. Second, b is transitive
(i.e., w' € b(w) implies b(w') C b(w)) iff B, satisfies Positive Introspection. Third, b is
Fuclidean (i.e., w' € b(w) implies b(w) C b(w')) iff By satisfies Negative Introspection.

Finally, I define the reflexive transitive closure of b as the smallest possibility cor-
respondence b :  — D which is reflexive and transitive and which includes b. That is,
(i) b is reflexive and transitive; (i) b(-) C b(-); and (iii) if &' : Q — D is a reflexive and
transitive possibility correspondence with b(-) C ¥'(-), then b(-) C ' ()

3 Formalization of Distributed Knowledge

This section defines distributed knowledge by knowledge logically induced from a pool
of agents’ collective information in two steps. The first step provides a general formal-
ization of knowledge logically deduced from a collection of information. The second step
defines a particular form of a pool of agents’ collective information. Online Appendix
B discusses the two-step formalization and provides an example.

The First Step. For any collection Z of events (i.e., Z C D), the first step defines
an operator K7 : D — D as follows. For each E € D, let

K7(E) :={weQ|thereis FeIwithw e FCE}=| {FeI|FCE} (2

The operator K7 is a knowledge operator in the sense that an event E is known at w
(i.e., w € K7(F)) if and only if F is deduced from an event F' € Z that is true at w
(i.e., w € F C E). Since D is a complete algebra, K7(F) is itself an event, i.e., Kz
is well-defined (see the right-most-hand side of Expression (2))). As Proposition [1] in
Section [4.1| shows, K7 satisfies Truth Axiom, Monotonicity, and Positive Introspection.

Uetting By be the collection of reflexive and transitive possibility correspondences b : Q — D with
b(-) Cb'(:), it can be seen that b(w) = ¢, b'(w) for each w € Q.

8



The Second Step. The second step specifies a particular form of a collection Z
of information as agents’ collective information. To that end, fix a group of agents
G € P(I)\ {0}. Recalling that Jp, is the collection of events E such that agent i
believes any logical consequence of E, I define Z = Z((Jp,)icc) as:

I((Ts.)icc) = {ﬂ E; €D ‘ H e P(G)\ {0} and } | 3)

| E; € Jp, for each i € H
i€eH

Expression (3) states that the collective information Z((J5,)icc) consists of the inter-
section of a pool of agents’ information among a non-empty sub-group H, where an
agent’s information refers to her self-evident event.

With Expression in mind, I define the distributed knowledge operator D¢ : D —
D of G by

D¢ = K1((s,)ica)-

Thus, for each F € D, w € Dg(E) if there exist H € P(G) \ {0} and E; € Jp, for each
i € H such that w € (. £ C EH

Suppose that events F; and Es are available to a hypothetical individual whose
knowledge is associated with distributed knowledge among G in the sense that E; € Jp,
for each i € {1,2} C G. Expression means that the hypothetical individual can
combine F; and F5 into one piece of information F; N Ey to make inferences.lﬂ

Each element of the collective information Z((Jp,)iec) is an event (),., £; formed
from self-evident collections (Jp,)icy. While each self-evident event E; could be i’s
belief B;(F;) for some F; € D if B;(F;) € Jp,, distributed knowledge is defined in a way
that the distributed knowledge of an event is deduced from a conjunction of agents’
collective information itself (i.e., E;), not their beliefs (i.e., B;(E;))[M Proposition [6] in
Section characterizes when distributed knowledge can be deduced from events of
the form (),.; Bi(£;) where H € P(G) \ {0} and E; € D for each i € H. Section
examines how the definition of distributed knowledge in this paper nests those in the
previous literature when agents’ beliefs satisfy additional properties.

12Technically, one can allow for G = ) because it leads to Z((Jg, )icp) = 0 and Dy(-) = Ky(-) = 0.

13While Section [4| compares individual beliefs and distributed knowledge in detail, note that E; N Es
may constitute new information—even for identical agents—if their beliefs violate Conjunction. That
is, although both F; and E5 may be self-evident to agent ¢, the conjunction £ N E5 may not be. To
highlight the role of information aggregation, consider a group of identical agents who each possess
positively introspective and monotonic knowledge. Even in such a case, distributed knowledge may

“on

differ from individual knowledge. For example, while each agent may not know statement “q¢” (event
E;1 N E5) despite knowing “p” and “p — ¢” (events E; and E5), the group may possess distributed
knowledge of “q” (event Ey N Ey). Formally, it may occur when Jp, = Jp, S Z(JB,, IB,). In this
context, distributed knowledge captures what an agent could know if she were able to integrate the
“dispersed knowledge within her own mind.” Remark [T]in Section IZEI revisits this point.

40ne can show that if B; satisfies Truth Axiom, Positive Introspection, and Monotonicity, then

Jg, = {B:(E) €D | E € D}.



4 Properties of Distributed Knowledge

This section examines properties of distributed knowledge.

4.1 General Properties of Distributed Knowledge
I start by studying general properties of a distributed knowledge operator.
Proposition 1. 1. If G1,Gs € P(I)\ {0} satisfy G1 C Gy, then Dg,(-) € Dg,(+).

2. Let G € P(I)\ {0}, and partition G into (G;)jc;. Denote by D the distributed
knowledge operator among the group of hypothetical agents whose knowledge op-
erators are (Dg,)jes. Then, Dg = DY.

3. For any G € P(I)\ {0}, the distributed knowledge operator D¢ satisfies Truth
Axiom, Monotonicity, and Positive Introspection.

The first part of Proposition [1| states that distributed knowledge is monotonic in
group. This holds because the amount of collective information is monotonic in group
and because distributed knowledge is logically derived from collective information.

The second part states that distributed knowledge is independent of the way in
which knowledge is aggregated within a group when the group is partitioned. In order
to find distributed knowledge among a group G, one can first find distributed knowledge
among each subgroup G; and then find distributed knowledge among hypothetical
individuals who represent the knowledge possessed by subgroups (G;),cs. Roughly, the
intuition follows from the facts that the amounts of collective information are identical
irrespective of two different ways (i.e., U,cc T, = U;je; Ueq, Tb,) and that distributed
knowledge is logically deduced from collective information.

This second part implies that simultaneous pooling and sequential aggregation
through disjoint subgroups yield the same distributed knowledge. Letting a group of
agents be G = {1,...,n}, compare two ways in which distributed knowledge is formed.
One is to extract agents’ collective information simultaneously (i.e., in one step) to form
directly Z((Js,)icc). In the other, one could find distributed knowledge among G by
sequentially finding the distributed knowledge operator among two hypothetical agents
whose belief operators are respectively Dy -1y and Dy for k € {2,...,n}.

The third part says that distributed knowledge is true, monotonic, and positively
introspective irrespective of agents’ individual beliefs. Informally, (i) by knowledge,
distributed knowledge is truthful; (ii) if F is distributed knowledge then a (sub-)group
of agents can “infer” E from a pool of their information. This inference step yields
Monotonicity; and (iii) if F is distributed knowledge among a group, then the group
as a whole can “recognize” that FE is distributed knowledge. This third part of the
proposition hinges on the way in which knowledge is defined through Expression
irrespective of a particular choice of Z.

As I formalize distributed knowledge as opposed to distributed “belief,” distributed
knowledge is truthful and monotonic. In particular, even if individual agents’ beliefs

10



are contradictory or non-monotonic, resulting distributed knowledge is consistent and
monotonic. Consistency means that if F is distributed knowledge then —F is not
distributed knowledge.ﬁ An agent’s false belief does not lead to distributed knowledge
because distributed knowledge is truthful.

Not only is distributed knowledge truthful and monotonic, but also it is positively
introspective. Positive Introspection of distributed knowledge could be justified together
with that of common belief or common knowledge (Aumann, [1976; Friedell, |1969). The
idea behind axiomatizations (especially, the “fixed-point” axiomatization) of common
belief is to ensure Positive Introspection because the intuitive definition of common
belief by the iteration of mutual beliefs may not necessarily satisfy Positive Introspection
(e.g., Lismont and Mongin, 1994)E For example, in the possibility-correspondence
model of knowledge, common knowledge is introduced by the transitive closure of (the
union of) agents’ possibility correspondences, where the transitivity of the possibility
correspondence that represents common knowledge guarantees Positive Introspection. If
agents’ knowledge is truthful, monotonic, positively introspective, and conjunctive, then
distributed knowledge turns out to be the “supremum” of individual agents’ knowledge:
distributed knowledge can be regarded as knowledge of the least knowledgeable “wise
man” who knows everything that each agent knows (Halpern and Moses, [1990). In
this case, common knowledge is considered to be the “infimum” of individual agents’
knowledge as McCarthy et al. (1978) define the notion of what “any fool” knows.

The next proposition characterizes the informational content of distributed knowl-
edge. To that end, let Jp, be the collection of self-evident events according to Dg.
Since D¢ satisfies Monotonicity, recalling footnote [10, one has:

Ips ={E €D |EC Da(E)}.
Then, it can be seen that

Dg(E)=| J{F € Jp, | F C E} for all E € D.

The next proposition characterizes this collection Jp,,.

Proposition 2. The collection Jp,, is the smallest collection (i) including Z((Jp,)icc),
(i1) containing the empty set O, and (i) closed under any non-empty union.

Proposition [2| characterizes the collection Jp, which represents distributed knowl-
edge. To the extent that the collective information Z((Jg,)icc) plays an important role
in formulating distributed knowledge, the informational content of distributed knowl-
edge, Jp., can be characterized as the smallest collection that includes the collective
information Z((Jg,)icc) and that is closed under arbitrary union.

15Consistency follows from Truth Axiom. Truth Axiom also implies that a contradiction in the form
of () can never be distributed knowledge.

16The iteration of mutual beliefs means that an event E is common belief if, everybody believes E,
everybody believes that everybody believes F, and so forth ad infinitum.

11



I define 6((Jg,)icc) as the smallest collection (i) that includes Z((Jg,)icc), (ii) that
contains the empty set (), and (iii) that is closed under any non-empty union. Formally,
it can be seen that

5((J)ec) = { € € D[é < T ea) }.

The collection d((Jp,)icc) denotes the informational content of distributed knowledge
as shown in Proposition[2] The operation §(-) will be used in Section 5] to formalize the
informational content of agents’ strategies.

4.2 Individual Beliefs and Distributed Knowledge

I study how distributed knowledge reflects logical properties of individual beliefs. I
start with Necessitation, Conjunction, and the Kripke property.

Proposition 3. Let G € P(I) \ {0}.

1. (a) The distributed knowledge operator Dg satisfies Necessitation if and only if,
for each w € Q, there is F € Z((Jp,)icc) such that w € F. In particular, if
B; satisfies Necessitation for some i € G, then D¢g satisfies Necessitation.

(b) If B; satisfies Necessitation for every i € G, then Dg = Kz, where
Lo = {ﬂEiED ' E; € Jp, for eachiEG}.
i€G

2. Assume that each B; satisfies Monotonicity. If B; satisfies Conjunction for every
i € G, then so does Dg. Moreover, Dg = Kz, , where

T = {ﬂgep‘@#:g UJBZ}.
ied
3. Suppose that B; satisfies the Kripke property for every i € G.

(a) The distributed knowledge operator D¢ satisfies the Kripke property. Its
possibility correspondence bp,, : 2 — D satisfies

bDG(') = ﬂ 631‘(')7

i€G

where Bp,(w) == ({F € T, | w € F} is the reflexive transitive closure of
bp,. The possibility correspondence bp,, is reflexive and transitive.
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(b) Assume {w} € D for allw € Q. If each B; satisfies Positive Introspection,
then Bp,(w) = bp, (w) U{w} and bp,(w) = (ﬂieG bBi(w)) U {w}

(¢) If each B; satisfies Truth Aziom and Positive Introspection, then bp, = P,
and bp(+) = Nie b5, (*)-

Four remarks on Proposition (3| are in order. First, Proposition character-
izes Necessitation. I remark on the tightness of the characterization: when no agent’s
belief operator satisfies Necessitation, distributed knowledge may or may not satisfy
Necessitation. For example, suppose that each B; satisfies Monotonicity but fails Ne-
cessitation. If w ¢ B;(Q2) for all i € G, then w ¢ Dg(+). In words, no event can be
distributed knowledge at state w. Consequently, D fails Necessitation.

For another example, consider two agents 7 and j with F € Jp, and E° € Jp;:
while F is self-evident to agent ¢ € G, its complement ¢ is self-evident to agent j € G.
If F is true at w, then  is distributed knowledge at w, as w € £ C Q. If F is false,
then € is distributed knowledge at w, as w € E¢ C Q). Generally, if there is £ € D with
E,E° € I((Jp,)icc), then D¢ satisfies Necessitation.

Second, Proposition shows that if each B; satisfies Monotonicity and Con-
junction then distributed knowledge is also obtained through taking any non-empty
conjunction of agents’ information.@

Third, Proposition implies that if B; satisfies the Kripke property, then so does
Dy;y. Indeed, the possibility correspondence of Dy;; amounts to 8p,. Thus, Proposition
states that distributed knowledge among a group G is generated from distributed
knowledge among {i} for all i € G through bp,(-) = ;e BB, (*)-

Fourth, as illustrated in Figure , Proposition implies that bp,(-) is a re-
flexive and transitive possibility correspondence satisfying (;c. 05, (-) € bp,(-). This
sheds light on defining distributed knowledge from agents’ possibility correspondences
because such previous contributions as Halpern and Moses (1990) and Meyer and van
der Hoek (1995)) introduce the possibility correspondence that dictates D¢ from the
intersection of agents’ possibility correspondences (), bp, () when agents’ beliefs are
fully introspective and satisfy the Kripke property.

For this point, two additional remarks are in order. Firstly, when the agents’ be-
lief operators do not satisfy Truth Axiom or Positive Introspection, bp(-) may not
necessarily be the intersection of agents’ possibility correspondences (;.. bz, (-).

Secondly, it is not necessarily the case that bp,(-) = (,eq B (+) is the reflexive
transitive closure of (.. bBi('>~H To obtain the possibility correspondence that dic-
tates Dg from the agents’ beliefs which may violate either Truth Axiom or Positive
Introspection, one needs to take the reflexive transitive closure of each bp, (which is
Bp,) instead of the reflexive transitive closure of (.. bg,(-).

"More generally, without {w} € D, one has fp,(w) = bp, (W) U({F € D | w € F} and bp,(w) =
(Nieg b, (W) UN{F €D |we F}.
1¥Example in Online Appendix C provides a counterexample when some agents’ belief operators

violate Conjunction.

19Gee Example in Online Appendix C.
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Figure 1: An Illustration of the Statement of Proposition .

The next proposition studies relations between distributed knowledge and individual
beliefs: when individual belief and distributed knowledge of a single agent coincide; and
the sense in which distributed knowledge is the “supremum” of individual knowledge.

Proposition 4. Let G € P(I) \ {0}, and let i € G.

1. (a) The distributed knowledge operator Dy;y is the maximum operator that simul-
taneously satisfies Dy (+) C By(+), Truth Aziom, Positive Introspection, and
Monotonicity. That is, if K(-) satisfies Truth Aziom, Positive Introspection,
Monotonicity, and K(-) C B;(+), then K(-) C Dy ().

(b) B; = Dy iff B; satisfies Truth Aziom, Monotonicity, and Positive Intro-
spection.

2. Let Kg : D — D satisfy U, D1y (1) € Kea(-). If Kg additionally satisfies
Monotonicity and Conjunction, then Dg(-) € Kg(-).

Proposition states that distributed knowledge of a single agent is a stronger
notion than her belief and that they coincide with each other when her belief satisfies
the three properties of Truth Axiom, Positive Introspection, and Monotonicity. By
Proposition , distributed knowledge among G coincides with distributed knowledge
among the hypothetical agents whose belief (indeed, knowledge) operators are (Dy;} )icc-

On a related point, an agent i’s false belief never enters the collective information
on i’s part in the following sense: if w € B;(F) \ F then there is no £ € Jp, with
we kb C Fm This means that if w € B;(F) \ F then w & Dy (F).

Proposition is related to Proposition . To see this, assume that each B;
satisfies the Kripke property. Then, D¢ satisfies the Kripke property. By Proposition
, Dg¢ is the “minimal” belief operator satisfying |J,., Dy (-) € Da(-) (as well as
Truth Axiom and Positive Introspection). Since Dy; is induced by fp,, D¢(+) is induced
by bpe(-) = (N;eq Ba: (). T will discuss (in Corollary [1)) the sense in which distributed
knowledge is associated with the least knowledgeable “wise man” as knowledgeable as
any individual agent (Halpern and Moses, 1990)). Also, I remark that if Ko : D — D
satisfies Monotonicity, Conjunction, and J,.; Bi(-) € Kq(+), then Dg(-) € Kg(-). This
is because distributed knowledge among {i} implies ¢’s belief, i.e., Dy (-) € Bi(-).

20T see this, suppose to the contrary that there exists E € Jp, such that w € E C F. Then, since
E € Jg,, it follows that E C B;(F). Thus, w € E C B;(F) N F, a contradiction.
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4.3 Negative Introspection and Collective Unawareness

I study how distributed knowledge inherits or violates Negative Introspection. The
proposition below shows that, even after aggregating agents’ information, agents as a
group may still be unable to resolve their unawareness.

Proposition 5. Let G € P(I) \ {0}.

1. Suppose that each B; satisfies the Kripke property, Truth Aziom, and Negative
Introspection.

(a) The distributed knowledge operator Dg satisfies Negative Introspection.

(b) The distributed knowledge operator satisfies Do = Krz , where I is the
complete algebra generated by | J,c; Tp,. Indeed, Ty = Jp,; -

2. Suppose that some B; fails either the Kripke property or Truth Aziom. Then, Dg
may fail Negative Introspection even if every B; satisfies it.

The proof of Proposition is given as follows. Since each B; satisfies Truth
Axiom and Negative Introspection, it satisfies Positive Introspection. By Proposition 3],
the distributed knowledge operator D¢ satisfies the Kripke property with its possibility
correspondence (., bp,. Since the Euclidean property for each bp, (which characterizes
Negative Introspection of B;) is preserved under the intersection, D¢ satisfies Negative
Introspection.

Proposition states that if agents have fully introspective knowledge with the
Kripke property, then distributed knowledge is associated with the knowledge deduced
from the complete algebra ZY; generated by agents’ self-evident events | J,. Jp,. Dis-
tributed knowledge does not have any more than the complete algebra Zg; in that
J Dg — IKII E]

Proposition contrasts with Colombetti (1993)), who provides a Kripke-frame
example in which common belief fails to inherit Negative Introspection from agents’
beliefs. Proposition establishes a related result for distributed knowledge.

I prove Proposition by providing (counter-)examples. The first example ex-
hibits a violation of Truth Axiom while the second exhibits a violation of the Kripke

property.
Example 1. Let (2,D) = ({wi,ws, w3}, P(2)), and let By and By be as in Table
[[] Both B; and B, satisfy the Kripke property, Positive Introspection, and Negative

Introspection. While B, satisfies Truth Axiom, By fails it. The distributed knowledge
operator Dy 5y, depicted in Table , violates Negative Introspection: for instance,

(D 2y)({wa}) = {wr,ws} € {wi} = Doy (7D 2y) ({we ).

2n other words, if the agents’ collective information is defined by the complete algebra Z%;, then
the resulting knowledge operator Kz satisfies Negative Introspection.
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L B\(E) | By(E) | Bs(E) = By(E) | Doy (E) | Disy(E) | Dysay(E)
0 0 0 0 0 0 0
{wi} {wi} {wi} 0 {wi} 0 {wi}
{wa} | {wo, ws} 0 {wa} {wa} 0 0
{UJ3} 0 0 {w:s} 0 0 0
{wi, wa} Q {wi } {wi, wa} {wi,wa} | {wi,wa} | {wi,wae}
{wi, w3} {wi} {wi} {wi, w3} {wi} {wi,ws} | {wi,ws}
{wa, w3} | {wa,ws} | {wa,ws} 0 {ws, w3} 0 0
Q Q Q Q Q Q Q

Table 1: (Counter-)examples for Proposition (Examples [I] and [2).

To get an idea, suppose that agents 1 and 2 are reasoning about a company’s
performance. At state w;, the company’s performance is bad and the company is
not window-dressing. At state w,, the performance is good and the company is not
window-dressing. At state ws, the company is window-dressing so that the company’s
performance may appear good (even if the underlying performance is not good).

Agent 1 believes, at state w € {w;,ws}, any event containing w. At state ws, she
believes any event containing wo. Thus, at wy, agent 1 considers {w;} possible. At
w € {wq,ws}, she (naively) considers {w,} possible.

Agent 2 believes, at state wy, any event containing w;. At state w € {ws, w3}, she
believes {wq, w3} and Q. Thus, at wy, agent 2 considers {w;} possible. At w € {ws,ws},
she (cautiously) considers {ws, w3} possible.

Consider the agents’ distributed knowledge. While Dy oy satisfies the Kripke prop-
erty, bp,,,, does not partition 2. While bp,, (w) = {w} for each w € {wi,ws},
bp, ., (ws) = {wz,ws}. That is, while the hypothetical individual whose knowledge is
associated with distributed knowledge would consider {wy} possible at ws (at which the
company is not window-dressing), the hypothetical individual would consider {ws, w3}
(the company’s real performance appears good, either because it is good or due to
window-dressing) possible at w3 (at which the company is window-dressing). Now, let
E = {ws} (i.e., the company is not window-dressing and is performing well). When
the company is window-dressing (i.e., at ws3), E is not distributed knowledge. At the
same time, at ws, it is not distributed knowledge that F is not distributed knowledge.
Thus, to the extent that the failure of Negative Introspection of an agent’s knowledge
is associated with unawareness, the agents are “collectively unaware” of the event E at
state w3 in the sense that E is not distributed knowledge at ws and the event that F
is not distributed knowledge is not distributed knowledge at wg.@ Observe that agent
2’s beliefs (knowledge) are fully introspective, and thus there is no possibility for agent
2 to be unaware of any event. O]

22Following Modica and Rustichini (1994} 1999), an agent is unaware of an event E if she does not
know E and she does not know that she does not know E.
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Example 2. As in the previous example, let (2, D) = ({w1, ws, w3}, P(2)). Add agent 3
so that Bj is defined in Table[I] While Bs satisfies Truth Axiom, Negative Introspection,
Positive Introspection, and Necessitation, it violates Conjunction and Monotonicity.
For simplicity, consider the distributed knowledge operator Dysy depicted in Table .
It violates Negative Introspection.

At state w; (at which the company’s performance is “truly” bad), agent 3 believes
{w1,ws} (the company is not window-dressing), {w;,ws} (the company’s underlying
performance is bad), and a tautology €. Thus, agent 3 cannot identify the realization
wy at wy, but otherwise she has correct beliefs. At state w € {wq, w3}, agent 3 is
able to identify the realization w, i.e., she is able to discern whether the company is
window-dressing or not. She, however, does not believe {ws,ws}. ]

Remark 1. Even if each agent does not exhibit any unawareness, group knowledge
may exhibit unawareness. Consider agent 4 with By = Bs. Then, Dy34; exhibits
unawareness while By and B4 do not. Incidentally, this is also an example in which
a group of identical agents has distributed knowledge of an event which no member
believes (knows) owing to the way in which distributed knowledge is generated from
combining the agents’ collective information (recall footnote [L3).

4.4 Comparisons

Finally, this subsection compares the distributed knowledge operator D¢ of this paper
with the previous literature: (i) the original formulations of distributed knowledge by
Halpern and Moses (1990) and Hilpinen (1977)) and (ii) the formulations of distributed
beliefs by Pacuit (2017) and Van De Putte and Klein (2018) ]

4.4.1 The Original Formulations

The following proposition demonstrates that if agents’ beliefs (knowledge) satisfy Truth
Axiom, Positive Introspection and Monotonicity then distributed knowledge can be seen
as knowledge logically deduced from agents’ individual knowledge.

Proposition 6. Let G € P(I)\ {0}, and let

Igz{ﬂBi(Ei)ED’HEP(G)\{Q} andEiEDforeachiEH}.

i€H

If each B; satisfies Monotonicity and Positive Introspection, then Kz:(-) € Dg(-). If
each B; satisfies Truth Aziom, then Da(-) C Kz:(-).

In Proposition [0} if each B; satisfies Monotonicity and Positive Introspection, then
any event deduced by putting agents’ beliefs together is distributed knowledge. If each

230nline Appendix D.3 also discusses (iii) models of knowledge characterized by Truth Axiom,
Positive Introspection, and Monotonicity.
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B; satisfies Truth Axiom, then distributed knowledge is deduced from pooling agents’
beliefs.

The characterization of distributed knowledge in Proposition [0] is related to the
original definition of distributed knowledge (impersonal knowledge) by Hilpinen (1977)),
which would be given as follows.

e An event E is distributed knowledge (impersonal knowledge) among G € P(I) \
{0} at state w, in the sense of Hilpinen (1977) (denoted by w € DE(FE)), if there
are H € P(G)\ {0} and E; € D for each i € H such that w € ;. Bi(E;) and
mz‘eH B CE.

The definition of distributed knowledge in this paper can accommodate the original
definition of distributed knowledge (impersonal knowledge) by Hilpinen (1977) if each
agent has positively introspective, truthful, and monotonic knowledge. Formally:

Proposition 7. Let G € P(I) \ {0}.
1. Dg(-) € DE(").

2. If agents’ beliefs satisfy Truth Axiom, Positive Introspection, and Monotonicity,
then Dg = DE.

In words, the proposition states the following. First, if an event E is distributed
knowledge at a state w in the formulation of this paper then F is distributed knowledge
at w in the sense of Hilpinen (1977). Second, for the converse, suppose that agents’
beliefs satisfy Truth Axiom, Positive Introspection, and Monotonicity. Then, the defi-
nition of distributed knowledge by Hilpinen (1977)) coincides with that of this paper.

Next, to compare the distributed knowledge operator Dy with the formulation
by Halpern and Moses (1990) in the context of a possibility-correspondence model,
I present the following corollary of Propositions [3] [4] and [6]

Corollary 1. Let G € P(I)\{0}. Suppose that B; satisfies Truth Aziom, Monotonicity,
Positive Introspection, and Conjunction for each i € G.

1. D¢ satisfies Truth Aziom, Monotonicity, Positive Introspection, Conjunction, and
UiEG BZ() - DG(')-

2. Let Kg : D — D satisfy Truth Aziom, Monotonicity, Positive Introspection,
Congunction, and | J,c; Bi(-) € Kqa(-). Then, Dg(-) € Kq(-).

Corollary [1f sheds light on conditions under which distributed knowledge becomes
the “supremum” of agents’ knowledge (or the least knowledgeable “wise man” as in
Halpern and Moses (1990)) P

24Under the assumptions of Corollary [1, common knowledge defined in Remark in Online
Appendix B.1 becomes the “infimum” of agents’ knowledge so that distributed knowledge is the “dual”
of common knowledge.
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Remark 2. Assume that agents’ beliefs (knowledge) satisfy Truth Axiom, Positive
Introspection, Monotonicity, and Conjunction. Then, distributed knowledge also sat-
isfies these axioms. Moreover, distributed knowledge is associated with knowledge of
the least knowledgeable hypothetical individual who knows everything that each agent
knows. Conjunction cannot be dropped because the hypothetical individual who dic-
tates distributed knowledge can take intersections of agents’ self-evident events.

Suppose that agents’ knowledge additionally satisfies Necessitation. While each i’s
knowledge is characterized by her (reflexive and transitive) possibility correspondence
bp,, distributed knowledge is associated with (1,.,bp,. This observation generalizes
the introduction of distributed knowledge by (.. b, in Halpern and Moses (1990), in
which each bp, forms a partition of the state space 2 (i.e., each B; also satisfies Negative
Introspection). Thus, the definition of distributed knowledge coincides with that of
Halpern and Moses ((1990) if each agent’s knowledge satisfies the Kripke property, Truth
Axiom, Positive Introspection, and Negative Introspection. The previous argument
shows that Negative Introspection could be dropped.

4.4.2 Distributed Beliefs

The definition of Hilpinen (1977)), however, would reflect (monotonic) “collective belief”
(or “distributed belief”) when it comes to agents’ beliefs on the following grounds. His
notion of distributed knowledge may fail Truth Axiom if some agents’ beliefs do not
satisfy Truth Axiom (in contrast, if every agent’s belief satisfies Truth Axiom, then his
notion of distributed knowledge satisfies Truth Axiom). If each agent’s belief satisfies
Conjunction and Necessitation, then an event F is distributed knowledge (impersonal
knowledge) at a state w iff (,., bp,(w) C E @ If each B; satisfies Truth Axiom, Positive
Introspection, and the Kripke property, then this characterization coincides with that
in Proposition [3 (3).

Pacuit (2017) and Van De Putte and Klein (2018)) study “distributed belief” which
does not impose logical monotonicity.

e An event E is distributed belief among G € P(I) \ {0} at state w in the sense of
Pacuit (2017) and Van De Putte and Klein (2018) (denoted by w € DEPE(E)), if
there are (Ej);eq € D such that w € ;.o Bi(E;) and E =, Ei.

Then, I show: (i) if every B; satisfies Monotonicity and Necessitation, then the definition
of distributed belief by Pacuit (2017)) and Van De Putte and Klein (2018) coincides with
that by Hilpinen (1977); and (i) if each B; satisfies Truth Axiom, Positive Introspection,
Monotonicity, and Necessitation, the definition of distributed belief by Pacuit (2017)
and Van De Putte and Klein (2018) and the definition of distributed knowledge in this
paper coincide with each other. Formally:

25The proof goes as follows. For the “if” part, since each B; satisfies Conjunction and Necessitation,
it follows that w € (), Bi(bp, (w)). Also, by supposition, (. bp, (w) € E. Then, E is distributed
knowledge (impersonal knowledge) at w in the sense of Hilpinen (1977)). For the “only if” part, suppose
that w € ;e Bi(E;) and ;e Es € E, where H € P(G)\ {0}. Then, ;¢ b5, (w) € N;eq bp, (w) C
Micu Bi € E.
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Proposition 8. Let G € P(I) \ {0}.
1. If each B; satisfies Monotonicity and Necessitation, then DEF® = DE.

2. If each B; satisfies Truth Aziom, Positive Introspection, Monotonicity, and Ne-
cessitation, then DEFX = DB = Dg.

If some agents fail Truth Axiom or Positive Introspection, however, the definition of
distributed belief by Pacuit (2017) and Van De Putte and Klein (2018) and the definition
of distributed knowledge in this paper may be different. To see this, suppose that each
B; satisfies the Kripke property. While their distributed belief (and indeed Hilpinen
(1977)’s definition of distributed knowledge/belief) can be captured by (.. bz, (-),
distributed knowledge of this paper can be captured by (., 3, (-), which may properly
include ;. b, (-). Thus, if an event E is distributed knowledge at a state then E is
distributed belief at that state. However, it may not necessarily be the case that
distributed knowledge is characterized by the reflexive transitive closure of distributed

belief ;. b&(')@

Remark 3. I contrast distributed knowledge (formulated in this paper) and distributed
belief in the following extreme example. Take any group G € P(I) \ {}. For ease
of exposition, assume that every agent’s belief operator satisfies the Kripke property.
Then, denoting by Bg the distributed belief operator, it is induced from the agents’
possibility correspondences ;. bp;(+)-

Expression implies that if there exist some agent i € G and event F € D such
that agent i believes E at any state (i.e., B;(F) = ), then group G is able to use event £
to infer distributed knowledge at any state w at which E occurs: Dy (E) = Dg(E) = E.
Thus, in the extreme case in which B; satisfies B;(-) = (2, the distributed knowledge
operators Dy; and Dg satisfy Dy (E) = Dg(E) = E for all E € D.

Two remarks are in order. First, in this case, Proposition states that Dy, is the
mazimum operator that satisfies Dy;(-) € B;(-), Truth Axiom, Positive Introspection,
and Monotonicity. The formulation of this paper provides a benchmark for distributed
knowledge defined from individual beliefs.

Second, since Bg(-) = €, the maximum operator K¢ that satisfies Truth Axiom,
Positive Introspection, the Kripke property, and Kqg(-) C Bg(-) satisfies Kg = Dg.

5 Distributed Knowledge in GGames with Rational
Expectations

The solution concept of a rational-expectations Nash equilibrium captures the idea
that agents simultaneously refine their information based on the informational content
of others’ strategies. As a result, such an equilibrium is robust to any new knowledge
each agent acquires from observing others’ strategies at equilibrium.

26See Example in Online Appendix C.
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This section shows that the informational content of a rational-expectations Nash
equilibrium corresponds to the distributed knowledge derived from pooling the infor-
mational content of agents’ strategies. It also shows the sense in which, at such an
equilibrium, agents’ strategies are common knowledge.

5.1 Models

Let I be a (non-empty) set of agentsm For each i € I, let A; be a (non-empty) set of
actions available to agent i, endowed with a (non-empty) collection A; of subsets of A;,
i.e., AZ Q ,P(AJE A model on ((A“Az))zel is a tuple M = <(Q,D), (Bi>iela (?z)ze[)
with the following properties.

First, ((2,D), (B;)icr) is a belief space. That is, € is a state space, and D is
a domain, i.e., a complete algebra on 2. For each i € I, B; : D — D is agent
1’s belief operator. In this section, assume that each B; satisfies Conjunction and
Monotonicity. This reflects the idea that agent ¢ is capable of aggregating her beliefs
with the informational content provided by other agents.

Second, for each ¢ € I, the set .S; of agent i’s behavioral strategies consists of functions
s; : Q — A; such that s;'(FE;) € D for each E; € A;. That is, s, : Q — A; is agent
1’s behavioral strategy if it is “measurable” in the sense that, for any set of actions
E; € A;, s;7'(E;) is an object of beliefs (i.e., an event). Succinctly written, S; is
the set of functions s; : Q2 — A; with si_l(.Az-) C D. Denote by S := Xie[ S; the set of
behavioral strategy profiles. For each i € I, then, ’=; is agent i’s preference relation (i.e.,
a complete and transitive relation) on S. When each 3=; admits a utility representation
u; : S — R, I denote by ((Q2, D), (B;)icr, (w;)icr) the corresponding model.

Henceforth, I often omit the dependence of the model M = (2, D), (B;)icr, (=i)icr)
on ((A;, A;))ier as it is clear from the context. Also, for ease of notation, I denote
((As, Ai))ier simply by (A;, Aiier.

5.2 Nash Equilibrium

I move on to defining Nash equilibria. Fix a model M = ((Q, D), (B))icr, (=i)icr)-
For each i € I, let ®;(Jp,) be the set of s; € S; such that s;*(E;) € Jp, for any
E; € A;. Given that B; is assumed to satisfy Monotonicity, this means that s; YE) C
Bi(s;'(E;)) for any E; € A;. That is, whenever agent i takes an action in the set
E;, she believes that her action is in F;. Hence, ®;(Jp,) defines the set of agent i’s
strategies (feasible with respect to her beliefs), while \S; is the set of agent i’s behavioral
strategies [P

2"To be consistent with the other parts of the paper, I refer to a player as an agent.

28In applications, A; is usually assumed to be a topology or a o-algebra on A;.

29Consider a special case in which € is at most countable and B; is induced by a partitional possibility
correspondence bp,. As in, for instance, Aumann (1974} [1987) in the context of correlated equilibria,
the self-evident collection Jp, is the o-algebra generated by the partition {bp,(w)}wcq, and the set
D, (Tp,) of strategies is the set of “measurable” functions s; : (2, Tp,) = (Ai, 0(A;)).
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A Nash equilibrium in the model M is a behavioral strategy profile s* € S which
satisfies the following two conditions for each i € I:

1. st € ©,(Tp,);
2. (sf,s,) =i (si,8,;) for all s; € ©,;(Tp,).

The first condition states that sf is agent i’s strategy (feasible with respect to her
beliefs). The second condition is the usual best-response condition. In other words,
s* € S is a Nash equilibrium in M if it is a Nash equilibrium of the corresponding
strategic game in which each agent’s strategy set is ®;( 7, ), and each agent’s preferences
are given by the restriction of >=; to the set X, _, O, (Jp,) of strategy profiles.

5.3 Rational-Expectations Nash Equilibrium

I now turn to the concept of rational-expectations Nash equilibria. In a rational-
expectations Nash equilibrium, each agent infers the informational content of the strate-
gies of the other agents. Thus, I consider a Nash equilibrium of a new game in which
each agent i’s belief is augmented by the information generated from any other agent
J’s strategy s;. The collection s;l(.Aj) is the informational content of agent j’s strategy
in the sense that it consists of events s}l(Ej) that agent j takes an action in E;. Since
each agent ¢ may learn and make inferences from the informational content of the other
agents, the set of agent i’s strategies may expand.

As discussed at the end of Section the informational content generated from the
agents’ collections of events is summarized by the operation §(-). Since agent i’s beliefs
are assumed to satisfy Monotonicity and Conjunction, I consider

6(TIb, (Sj)jeniiy)s

where S; is the smallest collection that includes sj_l(Aj) and that is closed under ar-
bitrary union and non-empty intersection (i.e., agent i can make inferences by taking
any union or any non-empty intersection of any other agent j’s information sj_l(.Aj)).

This admits an interpretation in terms of distributed knowledge. For each j € I'\{i},
consider a hypothetical agent whose knowledge satisfies Conjunction and is generated
from the informational content s}l(Aj). Then, S; is the self-evident collection of such
a hypothetical agent. Then, §(7p,, (S;);en i) represents the informational content of
distributed knowledge among ¢ and those hypothetical agents.

Denote by ®RE(Jp.,5_;) the set of strategies of agent i feasible with respect to the
information obtained by pooling her own beliefs Jp, with the informational content
(Sj)jengi:

O (Tp,, 5-i) == ©; (6(Tp,, (S)jeniy)) -

That iS, S; € (I)?E(jgz, 3_7;) when

S,L_l(Ez) € 5(\7Bi7 (Sj)]EI\{’L}> fOI' any Ez € ./47,
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In words, the behavioral strategy s; is in ®*¥(Jp,,s ;) if it is feasible with respect
to the collection of information generated from pooling her own beliefs Jp, and the
informational content (S;);en iy derived from s_;.

Now, a rational-expectations Nash equilibrium in the model M is a behavioral strat-
egy profile s* € S with the following two conditions for each i € I:

1. st € ORE(Jp.,s*.);

2. (s5,8%,) = (si,8%;) for all s; € PRE(Tp. s*.).

The first condition states that each s is agent ¢’s strategy feasible with respect to the
informational content of s*; in addition to her own beliefs. The second condition is the
best-response condition in the expanded strategy space ®*(Jp.,s*.). The strategy
space is expanded because each agent refines her information from the information
revealed by the strategies of the other agents.

5.4 Common Knowledge of Strategies

Before proving the result that the informational content of a rational-expectations Nash
equilibrium amounts to the distributed knowledge generated from the agents’ strate-
gies, I formalize the idea that, at a rational-expectations Nash equilibrium, the agents’
strategies are common knowledge. To that end, I define what it means for the agents’
strategies to be common knowledge.

In a model ((Q2, D), (B;)icr, (=i)icr), a behavioral strategy profile s € S is common
knowledge if

s;H(Ey) € ijj for any i € I and E; € A;.
jeI

In words, s € S is common knowledge if any informational content s;'(E;) of agent i

is self-evident to any agent j (i.e., whenever agent i’s action is in E;, agent j believes

that agent i’s action is in Fj)

5.5 An Epistemic Characterization of Rational-Expectations
Nash Equilibria

Section presents the epistemic characterization of rational-expectations Nash equi-
libria through distributed knowledge. Section presents an example that illustrates
the epistemic characterization. Section shows that distributed belief may not
characterize rational-expectations Nash equilibria.

30Using the common knowledge operator C; introduced in Remark in Online Appendix B.1, if
s € S is common knowledge, then, at any state w € §2 and for any set of actions E; € A; of agent ¢ with
si(w) € E;, it is common knowledge that agent i takes an action in E; at w in that w € Cy(s; *(E;)).
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5.5.1 The Epistemic Characterization

In a rational-expectations Nash equilibrium, each agent incorporates information re-
vealed by the strategies of the other agents. Since the informational content generated
from collections of events is summarized by the operation 4(+), the informational content
derived from a behavioral strategy profile s is summarized by

0 ((Si)ier) -

This is equivalent to specifying distributed knowledge among agents ¢« whose information
(self-evident collection) is given by S;.

The following theorem shows that if a behavioral strategy profile s* is a rational-
expectations Nash equilibrium then it (i) is a Nash equilibrium and (ii) is common
knowledge in a new model in which each agent’s belief is given by the informational
content d ((S;)ier) of the strategy profile s*. The theorem also establishes the sense in
which the converse also holds.

Theorem 1. Let M = ((Q, D), (Bj)icr, (>=i)icr) be a model on (A;, A;)icr. Letting
s* € S be a behavioral strategy profile, let M = (Q2,D), (El)zg, (%=i)ier) be a model in
which each agent i’s belief is generated by the informational content 6((S;);er) of s*.
Namely,

B;(E) := U{F €9((Sj)jer) | F C E} for each E € D.

1. If s* is a rational-expectations Nash equilibrium in the model M, then it is a Nash
equilibrium and is common knowledge in M.

2. If s* is a Nash equilibrium and s common knowledge in the model M, then it is
a rational-expectations Nash equilibrium in M.

Theorem generalizes Minelli and Polemarchakis (2003, Proposition 1 and Corollary
2) in a way that agents are allowed to hold beliefs instead of knowledge on an arbitrary
state space (provided that the domain is a complete algebra)ﬂ

In the first part, if s* is a rational-expectations Nash equilibrium in M, then each s}
is a strategy feasible with respect to the information generated from pooling agent i’s
own information Jp, and the informational content (S;);en ;3 of s*;. In the new model
.K/lv, sf is, by construction, agent i’s strategy feasible with respect to 8(Si, (S5)jeniy)-
The proof in Appendix shows that

®;(0(Si, (S)jenviay) € Cil0( T, (Si)jeniy)) = & (T, 57,)-

In the second part, if s* is a Nash equilibrium and common knowledge in the original
model M, then for any agent 7, the informational content of s*, is already self-evident
to 1. The proof in Appendix shows that

(I)i(sz—) = CD?E(jB“ S*—i)'

31The theorem also generalizes McKelvey and Page (1986, Theorem 3), although the formalization
of the theorem in this paper follows Minelli and Polemarchakis (2003).
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5.5.2 Example

This section applies the formal results to the “opinion game” (e.g., Minelli and Pole-
marchakis, [2003)).

Example 3. Let [ = {1,...,n}. Let (4;, 4;) = (R, Br) be agent i’s action space, where
Bg is the Borel o-algebra on R. I start by defining a model ((Q2, D), (B;)icr, (;)ier)-
First, let Q be a finite state space, endowed with its domain D = P(Q2). Let p be a
probability measure on €2 such that u({w}) > 0 for all w € Q.

Second, for each ¢ € I, let J; be a sub-cg-algebra of D on €. Since () is finite,
note that J; is a complete algebra. For each i € I, define agent i’s belief operator
B; : D — D as follows:

Bi(E) :=| J{F € 7 | F C E} for each E € D.

It can be shown that J; = Jp,.

Third, let = : (Q,D) — (R, Bgr) be a given (measurable) function. For each i € I,
the set S; of agent i’s behavioral strategies is the set of (measurable) functions s; :
(Q2,D) — (R, Br). Let agent ¢’s utility function u; : S — R be such that

ui(s) == —E, [(z — 5;)*] for all s € S, (4)

where E, [-] is the expectation operator with respect to p.
Given Expression , the opinion game has a unique Nash equilibrium s, where
agent ’s strategy is the conditional expectation of x given J;:

si(-) = Eylz | J ().

This is because s; is the unique maximizer of u; in ®;(7;) irrespective of the opponents’
strategies, where the uniqueness follows because u({-}) > 0.

Next, moving on to rational-expectations Nash equilibria, if s* € S is a rational-
expectations Nash equilibrium in M, then it is a Nash equilibrium in the model M as
in the first part of Theorem [I} Since €2 is finite, each (s7)~!(Bg) is a complete algebra.
Consequently, S; = (s7)7!(Bg) for each i € I. Then, the informational content of s*

satisfies:
5((Si)z'el) =0 <U Si) )

iel
which T denote by o(s*) (consistently with the definition of the smallest o-algebra
generated by s*). It follows that s* satisfies:

si(-) =E,[z | o(s")](:) for each i € I.

7

Thus, any rational-expectations Nash equilibrium s* of the opinion game is symmetric:
s; = s} for all 4, j € I. Also, the strategy profile s* is common knowledge in M. O
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Example [3l may capture some aspects of a parimutuel-style market (recall the ex-
periment of Galton (1907alb, |1908) in the Introduction) or a market under the strong
form of the efficient-market hypothesis. There may also be situations in which an agent
incorporates the informational content of the other agents’ strategies.@

5.5.3 Case with Distributed Belief

To sum up, I demonstrate a sense in which Theorem [1| may not hold if one considers
distributed belief instead of distributed knowledge. For ease of analysis, I assume that
each agent’s belief operator B; satisfies Necessitation in addition to Monotonicity and
Conjunction (i.e., B; satisfies the Kripke property) so that the definition of distributed
belief does not depend on the choice among Hilpinen (1977), Pacuit (2017), and Van
De Putte and Klein (2018).

Under distributed belief, agent i does not pool the event that agent j takes an
action in E; € A; (ie., F; = Sj_l(Ej)) but pools the event that agent j believes
that she takes an action in E; (i.e., B;(F})). Instead of B; in Theorem , in which
each agent’s belief operator B, is generated by distributed knowledge, consider a model

M := (0, D), (B,)icr, ()icr) in which each agent i’s belief is generated by distributed
belief: for each £ € D, w € B;(E) if and only if there exist E; € S; for each j € I

such that w € (;c; B;(E;) and (;; E; C Eﬁ Below, I provide a counterexample to

Theorem [1f when one uses distributed belief (i.e., EZ) instead of distributed knowledge
(i.e., Bz)

Example 4. Consider the opinion game of Example 3| with I = {1,2}, (2,D) =
({w1, w2}, P(€2)), a uniform prior u, and = Iy,,;. Each agent ¢ chooses s; : @ — R
to maximize u;(s) = —E,[(x — s;)?]. Let each B; satisfy the Kripke property (i.e.,
Monotonicity, Conjunction, and Necessitation), with possibility correspondences

bp, (w1) = 0 and bp, (ws) = Q; and by, (wi) = Q and bg,(wy) = 0.

32For instance, in the context of Example [3| suppose that agent 1 represents the central bank and
agent 2 the market. Let x be some given target (nominal) inflation rate (which depends on the state
of the economy, which is uncertain). Both agents possess private information about the state of the
economy (as both agents, in reality, spend resources to forecast the state of the economy). Assuming
that the central bank can directly choose the (nominal) inflation rate policy s1, its objective is to
minimize the loss between the chosen inflation rate s; and the target x. The objective of the market
is to form its inflation expectation sy to match it with the target x. When both the central bank and
the market have their own private information and consequently try to learn private information from
their behaviors, it would be natural to consider a rational-expectations Nash equilibrium (instead of
a Nash equilibrium). Conceptually, in such a setting, this paper assumes that each agent has beliefs
(which may be false) instead of knowledge. As another illustration of similar reasoning, McKelvey and
Page (1986) examine a Cournot competition in which firms produce a new chemical with unknown
toxicity, which they attempt to infer from the market price.

31t can be shown that if each Bj satisfies Truth Axiom, S; € Jp, (as holds when s; € ®;(7s,)),

and 2 € S; (as holds when A; € A;) then E = B, for each i.

26



Neither operator satisfies Truth Axiom. The induced operators are Bi(E) = {w;} for
every £ # Q with B1(Q2) = Q, and By(F) = {wy} for every E # Q with By(2) = Q.
The agents’ self-evident collections are:

T, = {0, {w1},Q} and Tp, = {0, {w:}, Q}.

First, the uninformative strategy profile s* = (%, %) is a rational-expectations Nash

equilibrium in M. Since each s} is constant, it follows that &; = {0,92}. Thus,
NTB,»S2) = Tg, and 6(Tp,,S1) = T, Each agent is thus restricted to constants, and
1

the unique best response is E,[z] = 3.

Second, s* is not a Nash equilibrium in M. Since El(E) = () for every E € D,
every behavioral strategy is feasible in M. In particular agent 1 may play s; = x,
which yields u(z, s3) = 0 > —% = u;(s*), a profitable deviation.

The two notions therefore disagree on the equilibrium set. At each state, one agent
believes a contradiction. Pooling beliefs rather than actions transmits that contradiction
to the other agent. Consequently, in M, both agents forecast = exactly. This violates
the idea that, in a rational-expectations Nash equilibrium, each agent observes the
informational content of the other agents’ strategies. In contrast, Theorem holds
as stated for M: there 0((Sj)jer) = {0,Q}, only constants are feasible, and s* is both
a Nash equilibrium and common knowledge. O]

6 Conclusion

This paper formalizes distributed knowledge as that which can be deduced from pool-
ing agents’ collective information, where each agent’s information comprises self-evident
events—events for which the agent believes all their logical implications. Irrespective
of properties of agents’ beliefs, distributed knowledge is true, monotonic, and posi-
tively introspective. The formalization of distributed knowledge in this paper nests the
previous ones under particular assumptions on agents’ beliefs.

Distributed knowledge inherits logical properties from individual agents. When
agents’ beliefs are induced by their possibility correspondences, the possibility corre-
spondence that dictates distributed knowledge is the intersection of the reflexive tran-
sitive closures of agents’ possibility correspondences. If individual beliefs satisfy Truth
Axiom, Monotonicity, Positive Introspection, and Conjunction, then distributed knowl-
edge coincides with knowledge of the least knowledgeable “wise man” who is at least as
knowledgeable as any individual agent. Distributed knowledge of one agent coincides
with her belief if and only if her belief is true, monotonic, and positively introspective.

Under the Truth Axiom and the Kripke property, distributed knowledge inherits
Negative Introspection from individual agents. However, if agents’ beliefs violate either
of these conditions, distributed knowledge may fail to exhibit Negative Introspection. In
such cases, it reflects “collective unawareness.” Agents, after aggregating their collective
information, may not be able to resolve their unawareness.
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Turning to game-theoretic applications, the informational content of a rational-
expectations Nash equilibrium amounts to the distributed knowledge pooled from the
informational content generated from the agents’ strategies. This gives a sense in which,
in a rational-expectations Nash equilibrium, the agents’ strategies are common knowl-
edge. This paper generalizes the epistemic characterization of rational-expectations
Nash equilibria when agents possess beliefs instead of knowledge at the individual level.

Finally, two strands of future research seem promising. The first is to study the
processes through which distributed knowledge is obtained—particularly by modeling
explicit communication protocols or agents’ strategic decisions to share information.
The second is to explore alternative (possibly weaker) rational expectations equilibrium
concepts in settings such as game theory, general equilibrium theory, or mechanism de-
sign, where agents may refine their strategic information only indirectly—e.g., through
public signals like prices or allocations. Both directions aim to deepen our understand-
ing of how distributed knowledge functions in decentralized systems. These questions
are closely connected to the foundational insight emphasized by Hayek (1945)) and dis-
cussed in the Introduction: one of the most fundamental facts in economic and social
activities is to utilize the knowledge possessed by agents in a society that is dispersed
among them in possibly contradictory forms.

A  Proofs

A.1 Section (4.1]
Proof of Proposition[l. 1. The statement follows because Z((Jp,)icc,) € Z((Ts,)icc,)-

2. Suppose w € DZ(E). There are J' € P(J)\ {0} and E; € Jp, for each j € J'

such that w € ﬂjej, J
to Dg,. Since w € E; C Dg,(Ej;), there are H; € P(G;) \ {0} and F/ € Jp, for
all i € H; such that w € N,y FY C Ej. Let H := U, H; € P(G)\ {0}. For
each i € H, let Fi := (Ve iem, F!. Since (G,);es partitions G (i.e., since it is
mutually disjoint), F; € Jp, is a single self-evident event. Then, w € (. F5 =
Nyes Nicrr, F € Njesr B € E. 1t follows that w € Dg(E).
Conversely, assume w € Dg(F). Then, there are H € P(G) \ {0} and E; € Jp,
for all i € H such that w € (),cy Ei € E. Now, let Jy :={j € J| G; N H # 0}.
For each j € Jy, w € BV := ﬂieGij E; € Jpg,. This is because, for any W e E7,
w' e mieGjﬂH E; C EJ with E; € Jp, for each i € G;NH, and thus w’ € D¢, (E7).
Hence, w € ez, B = Njesy Nica,nm Bi = Nier Bi © E. Thus, w € DL(E).

E; C E, where Jp,, is the self-evident collection according
J

j€Ju

3. It can be seen from Expression that Truth Axiom and Monotonicity hold.
For Positive Introspection, if w € Dg(F) then there is F' € Z((Jp, )icc) such
that w € FF C E. Since w € FF C F and F € Z((Jp,)iec), I have w € F C
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D¢ (F) € Dg(F), where the last set inclusion follows from Monotonicity of Dg.
Thus, w € DgDg(E).
[l

Proof of Proposition[3 First, I show Z((Ip,)icc) C Tps- Take F € Z((Ts,)icc). For
any w € ', w e F C F. Thus, w € Dg(F). Hence, FF C D¢g(F), implying F' € Jp,..
Thus, Z((Is,)icc) € Ipe-

Second, I show that Jp,, is closed under arbitrary union (indeed, the proof below
implies that, for any operator on D, its self-evident collection is closed under arbitrary
union). Take Ey € Jp, for each X € A. Suppose (J,cn B¢ C E. For each A € A,
it follows from E\ C |Jyep Ee € E that Ex C Dg(E). Thus, U,y Ex € Da(E),
establishing | J rer Ba € Ip,.- The collection Jp,, is also closed under the empty union:
0 € Ip, (which corresponds to the case in which A = ().

Third, suppose that J satisfies the three properties in the statement: it is closed
under any non-empty union, contains (), and includes Z((Jp,)iec). I show that Jp, C
J. For any £ € Jp,, it E = 0 then £ € J. If E # (), then w € E implies
we€ E C Dg(FE). Thus, w € F,, C E for some F,, € Z((Js,)icc) C J. Thus,

E=|J{w}c|JFE. CE.
weFl wek

Hence, £ € J. Thus, Jp, C J.
To conclude, Jp,, is the smallest collection that satisfies the three properties. [

A.2 Section 4.2
To prove Proposition (3 I establish the following preliminary results.

Lemma A.1. If B; satisfies Monotonicity and Conjunction, then Jp, is closed under
any non-empty intersection.

Proof of Lemmal[A.1] Take & € P(Jg,) \{0}. If € C F, then

N EC () Bi(E) CBi(()E) C Bi(F).

Eeg Eeg

The first set inclusion follows because £ € Jp, implies E C B;(FE). The second and
third, respectively, follow from Conjunction and Monotonicity. m

Lemma A.2. Recall fp,(w) :==({F € I, | w € F} and bp,(w) :=({F €D |w €
Bi(F)} for each w € Q. Suppose that B; satisfies the Kripke property. Then, Bg, is the
reflexive transitive closure of bp,.

Proof of Lemma[A.3. First, I show that [, is reflexive and transitive. By construction,
B, is reflexive. Next, let ' € Bp,(w) and w” € fp,(w'). Take any F' € Jp, withw € F.
Then, ' € F and consequently w” € F'. Thus, w” € 8p,(w). Hence, g, is transitive.
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Second, I show bp,(-) C Bp,(-). If W' € bp,(w) = ({F € D | w € B;y(E)}, then
for any F' € Jp, with w € F, it follows from w € F C B;(F) that o' € F. Thus,
W' € Bp,(w).

Third, let b’ be a reflexive and transitive possibility correspondence satisfying bp,(-) C
b'(+). Since B; satisfies the Kripke property, it follows that By (-) C B;(+). Take w € Q,
and let w' € fp,(w) (i.e,, w € Fif we F C Bi(F)). For any F' € D with w € By(F),
[ have w € By(F) C ByBy(F) C B;By(F), and hence ' € By(F) C F. Thus,
Web(w)=({FeD|we By(F)}. Hence, S5, (w) C b (w). O

Proof of Proposition[3. 1. (a) Suppose that, for each w € Q, thereis F' € Z((Jp,)icc)

such that w € F. Since F' C (), it follows that w € Dg(2). Conversely, for
any w € Q = Dg(R), there is F' € Z((Ip,)icc) such that w € F C Q.
The second assertion follows because if B;(2) = Q for some i € G, then
2 e Tp, € L((TB,)iec)-

(b) Since IY.. € Z((IB,)ica), it suffices to show Dg(-) € Kz; (). fw € Dg(E),
then there are H € P(G) \ {0} and E; € Jp, for each i € H such that w €
Nicx £ € E. Letting E; = Q for each j € G\ H, one has w € [, £ C E.
Then, w € Kz (F) as desired.

2. First, I show that D¢ satisfies Conjunction. Take £ € P(D) \ {0}, and let w €
Nges Da(E). For each E € &, there is Fp € I((IB, )iec) such that w € Fp C E.
Thus, w € gee Fr €N E.

To establish w € D¢ ((€), it suffices to show that (\pee Fr € Z((JB,)iea). For
each E € &, there are Hp € P(G) \ {0} and F}, € Jp, with i € Hp such that
Fr = ﬂiGHE Fi.

Letting H = (Jpce HE, below I show (\gee Fo = (Niepy () Fis where

Fi={F, € Jp, | E € € satisfies i € Hp}.

By Lemma N Fi € Ip,, and thus (Ngee F2 = Nien (N Fi € Z((TB,)ica)-
Thus, what is left is to show (pee Fr = (\;ep [ Fi- Suppose w € (V,cp () Fi- For
any € £, Thave w € (;cy, Fi = Fr. Conversely, suppose w € Fg = (;cpy, Fi;
forall E € £. Fixi € H. Forany E € £ withi € Hg, Thavew € ;.. F C FL.
Thus, w € () F;, and consequently w € (., [ Fi-

j€EHE

Second, I prove Kz: = Dg. Since Z((Jp, )icc) € Li,y, it is enough to show that
Kz: (-) € Dg(). If w € Kzz (E), then there is () # & C ;. Ip, such that
we€ (€ CE. Sincew € Dg(F) for each F' € £ and since D satisfies Conjunction
and Monotonicity, it follows w € (\pee Da(F) € Da((€) € Da(E).

3. (a) Since B; satisfies Necessitation, Monotonicity, and Conjunction, Jp, is closed
under any non-empty intersection by Lemma and contains (2.
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First, I show that w € Dg(E) iff (., fp,(w) C E. Suppose that w €
D¢g(F). By Proposition , there are F; € Jp, for all i € G such that
w € Nieq Fi € E. Then, w € ;e B, (w) € N 5 C E.

Conversely, suppose that (.. s, (w) C E. Firstly, w € ;. B, (w). Sec-
ondly, since Jp, is closed under intersection by Lemmal[A.T]and Necessitation,
it follows from fBp,(w) € Jp, for each i € G that [,. B, (w) € Z((TB, )ica)-
Thus, w € Dg(E).

Second, I show that bp.(-) = (e Bp, () is reflexive and transitive. It
suffices to show that each fp, is reflexive and transitive. However, the latter
assertion follows from Lemma [A.2]

(b) If B; satisfies Positive Introspection, then bp, is transitive and, since {w} €
D, bp,(w) U {w} is the reflexive transitive closure of bg,. Thus, fp, (w) =
bp,(w) U {w} for each w € Q.

(c) If B; satisfies Truth Axiom and Positive Introspection, then bg, = ..
[

Proof of Proposition[f 1. (a) If w € Dy (E) then there is F' € Jp, withw € F C
E. Then, w € F C B;(F). Take any K satisfying the assumptions in the
statement. Let w € K(FE), and let K(F) C F. Then, K(E) C KK(F) C
K(F) C B;(F). Thus, K(E) € Jp,. Since w € K(F) C E, it follows that
w e D{i} (E)

(b) This part follows from the previous part and Proposition

2. If w € Dg(E), then there are H € P(G) \ {0} and F; € Jp, for each i € H such
that w € (), Fi € E. Then,

we (F C () Dw(F) S () KelF) C Ke (ﬂ F) C Ka(E).

icH i€H i€H i€H

The first set inclusion follows because Fj € Jp, and thus F; C Dy (F;), the second
from the assumption Dy;;(-) € K¢(-), the third from Conjunction of K¢, and the

fourth from Monotonicity of K.
[

A.3 Section [4.3

Proof of Proposition [5. It suffices to show Part as the proofs of the other parts are
in the main text. I show the statement in two steps.

The first step shows Dg = Kz . Since Z((Jp,)icc) € LY, it suffices to show
Kz: (-) € Dg(-). lf w € Kzz (E), then w € F C E for some F' € I¢;. Since Iy is
the smallest complete algebra including | J,., Jp, and since each Jp, is closed under
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complementation, it can be seen that

F = m U F\ ,, with each F) ,, € U jB,-

AEA pyEM), i€G

Since Dg satisfies Necessitation, if A = () then F' = Q = F and w € Dg(FE). Thus,
assume A # (). For each A € A, choose py € M, and i)y € G with w € F) ,, € sz.k.
Let H := {iy € G | A € A}. For each i € H, define F; := (,cp,i—s, Frun € Tp,- Then,
W€ Nieg Fi € E and ey Fi € Z((TB,)icc)- Thus, w € Dg(E).

The second step shows Z{; = Jp,. For any I/ € I, if w € E thenw € E C E
and thus ' C Kz; (F) = Dg(E), where the last equality follows from the first step of
the proof. Hence, Z3; C Jp,,. Conversely, take E € Jp,,. For any w € E, w € Dg(E).
Since every B; satisfies Necessitation, there are £ € Jp, C I{; for all i € G such that
w € Nieg Y € E. Then, E =, cpNiea £ € I O

A.4 Section (4.4

Proof of Proposition[fl Suppose that each B; satisfies Positive Introspection and Mono-
tonicity. Since {B;(E) € D | E € D} C Jp,, it follows that Z}; C Z((Jp, )icc), and thus
Kz (-) € Da().

Next, suppose that each B; satisfies Truth Axiom. Take w € Dg(FE). There are
H ¢ P(G)\ {0} and E; € Jp, for all i € H such that w € (,.5, E; € E. Since
Micw Bi = ey Bi(E;), it follows that w € Kz: (E). O

Proof of Proposition[7. First, suppose w € Dg(FE): there are H € P(G) \ {0} and
E; € Jp, for each i € H such that w € ;. E; € E. Since E; C B;(E;) for each i € H,
it follows that w € DE(E).

Second, suppose that agents’ beliefs satisfy Truth Axiom, Positive Introspection,
and Monotonicity. It suffices to show DE(-) € Dg(+). If w € DE(F), then there
are H € P(G) \ {0} and E; € D for each i € H such that w € (,.; Bi(E;) and
Nier £ € E. Since B; satisfies Positive Introspection and Monotonicity, B;(£;) € Jp,.
Since B; satisfies Truth Axiom, w € (o Bi(E;) € E. Thus, w € Dg(F). Hence,
DH() € Da(). .

Proof of Proposition[§, 1. First, by inspection, DEF¥(:) C DE(:). Second, for the
converse, assume that every B; satisfies Monotonicity and Necessitation. Let
w € DE(E). Then, there are H € P(G) \ {0} and E; € D with (,.; E; C E
and w € (,cy Bi(£;). It is without loss to assume that H = G because one
can let E; = Q for all j € G\ H as Necessitation of B; implies B;(E;) = ).

34To see this, it suffices to show that the collection of such F is a complete algebra includ-
ing U,cq IB,- By construction, the collection includes (J;c Jp, and is closed under arbitrary
intersection. To see that it is closed under complementation, notice that, by the distributive
law, any F' = (Nyca U,y enr, Fops can be written as I = U(#A)AeAGHAeA iy (aea s Then,
Fe = ﬂ(ux)xeAEHAeA my Usen FX i, s of the desired form.
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Now, replace each F; with E; U . Then, since each B; satisfies Monotonicity,
w € (V;eq Bi(E; U E). Since

((EUE) = <ﬂE> UE =E,

ia ieG
it follows that w € DEPK(E), as desired.

2. The assertion follows from the previous assertion and Proposition [7]

A.5 Section 5.5

Proof of Theorem 1] 1. Suppose that s* is a rational-expectations Nash equilibrium
in the model M. Then, the following two conditions hold for each i € I: (i)
st € ORE(Tp.,s*.); and (ii) (s7,s*;) =i (s, 8%,) for all s; € PRE( T, s*,).

—1

To show that s* is a Nash equilibrium in Mv, it suffices to show the following
two conditions for each i € I: (a) sf € ©;(3((S;)jer)); and (b) ®;(6((S;)jer)) <
PRE(Jp.,s*,). Fixie I.

Condition (a) follows because, by definition, (s7)~'(A;) C 6((S;)jer)-
To show Condition (b), it suffices to show
0((Sj)ier) € 0(Tb,, (S))jengiy):

The right-hand side, (Jp,, (S;);jer\(i}), is closed under any union by Proposition
and under non-empty intersection by Proposition E Also,

S; € 6(TIp,, (Sk)renqiy) for all j € '\ {i}.
Then, it is enough to show that
Si € 0(Tp,, (S))jens)-
However, this follows from (i), i.e.,
(s5) 7 (Ai) € 8(Tm, (Sh)jena)-
Hence, the proof of the first assertion is complete.

Next, s* is common knowledge in M because, for each i € [ and F; € A,,

(7)1 (E) € 6 ((S))ser) = () T5,-

jeI

35To see this, by assumption, B; satisfies Monotonicity and Conjunction. For each j € I'\ {i}, S;
can be identified with the self-evident collection associated with a knowledge operator K, which sat-
isfies Monotonicity and Conjunction. Then, 6(Jp;, (S;) er (i) can be identified with the self-evident
collection associated with the resulting distributed knowledge operator, which inherits Conjunction
by Proposition (in addition to satisfying Monotonicity). This implies that (by Lemma [A.1)
8(TB;, (Sj)jenyiy) is closed under non-empty intersection.
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2. Tt suffices to show that ®;(Jp,) = ®RE(Tp,, s*,) for each i € I. Since s* is common
knowledge in M, it follows that, for each j € I,

()71 (A) € () Ts..

i€l
This implies that, for each ¢ € I,
Ts =50 | ()74,
Jen\{i}

Since B; satisfies Monotonicity and Conjunction, Lemma implies that Jp, is
closed under non-empty intersection. It follows that

T = (T, (Si)jeniy)-

Since it can be shown that Jp, is closed under arbitrary union, it follows that
TIs; = 0(TB;, (S))jen(iy)-

This implies ®;(Jp,) = PFF(Tp,, s*,), as desired.

0
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